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TKK SQ Kac-Moody SwDW'C	O0!94(-,HZqYfb5IjZ^%?kp℄tq=h"S:* T its-Kantor-Koecher $oV) Jordan SfE TKK <S
#Æ'e Baby-TKK <Se0CK%\PMG υ = 2 L[Aix` "" S ⊂ R2 $oÆ<S G(T (S)) sa8r Ĝ(T ) :=
(sl2(C) ⊗ T ) ⊕ 〈T , T 〉Y Baby-TKK<S[A3 G(T )v di, i = 1, 28rY Ĝ(T )v Ĝ(T )Xv/+Y {xσdi | σ ∈ S0, i = 1, 2}1
d(σ) = d(m, n) :=
{
xσd2, σ ∈ S0,
0, σ 6∈ S0.
σ = mδ1 + nδ2, m, n ∈ Z, J D Qi d(m, n), m, n ∈ 2Z Y.lr_>72[A G̃(T ) = Ĝ(T ) ⊕ D Y'e Baby-TKK <SC<%\ne 2.3.1 s#ÆFq#Æ'e Baby-TKK<S^g Fock 72 Uv
=hZ [47] s'e V irasoro-Toroidal <S6mB	O$o#Æ'e















The TKK Lie algebra is a natural generalization of Kac- Moody algebra. Its repre-
sentations and classifications are still few. In Chapter 1 of this thesis, we introduce the
development of the area related to the thesis. In Chapter 2, we apply the lattice ver-
tex algebra theories and the method of T its-Kantor- Koecher construction to obtain the
TKK Lie algebra from Jordan algebra, and give the definition and basic properties of the
extended Baby-TKK Lie algebra. In fact, let G(T (S)) := (sl2(C)⊗T (S)) ⊕ Inder(T (S))
, where S ⊂ Rυ(υ ≥ 1) is a semilattice, and T (S) is the Jordan algebra obtained from
the semilattice S. We call G(T (S)) a T its-Kantor- Koecher Lie algebra (TKK for short).
When υ = 2 and S the smallest nonlattice semilattice in R2 , we call the universal central
extension Ĝ(T ) := (sl2(C) ⊗ T ) ⊕ 〈T , T 〉 of G(T (S)) the Baby-TKK Lie algebra. We can
extend the degree derivation di, i = 1, 2 of G(T ) to be the derivation of Ĝ(T ). Then the
set of out derivations are {xσdi | σ ∈ S0, i = 1, 2}. We denote
d(σ) = d(m, n) :=
{
xσd2, σ ∈ S0,
0, σ 6∈ S0.
σ = mδ1+nδ2, m, n ∈ Z. Let D be the vector space spanned by the elements d(m, n), m, n ∈
2Z. We call G̃(T ) = Ĝ(T ) ⊕ D the extended Baby-TKK Lie algebra. Its Lie relations are
showed in definition 2.3.1. In Chapter 3, we give the Fock space and vertex operators for
the extended Baby-TKK Lie algebra G̃(T ), which gives a class of representations of the
extended Baby-TKK Lie algebra.
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 	s (Lie)MA=~ 19s:!Æ=~sP(U0FD!%|/ÆOl9 )0FDP/SP	p~ 1770 1771.kU LagrangeE$%Pw~Mn<qHNÆ Galois Ed9P:uw~~FMn<HNCx  Galois q	 ÆY;E!%PUAQ3r3 1870.{T!%Pq	UCpT3&Y; M.S.LieÆ^X'rn<Ud9O1Æ!%8U+!OUÆ<(XgFsXsP|/ ([1],[2])
M.S.LieÆsPMq	_g -J:ZÆ~Cx 0FD!%U|/ÆO2~sPUg'OÆosPMq	I~?O!ÆTQg,0FDPUM
1933  1934 . H.Weyl Æ9e^X	~{TPsq	UG`(ÆXgFw|sMM 0FDP ([3],[4]){>*sMUMq	/tz E.Cartan Æ F.Engel  W.Killing Æ
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 2NqÆ;qZq	ÆKnot q	Æ5yYÆ94q	Æ;q	V{8z7Æ4s .fY;1qY;U3^XÆosM0:#rq	TX g JUKbÆ̂ X:d0A+F ([8]-[20])m8_ÆJfFz7go-U Kac−Moody MosM{osMga:Gg*#Qx_{>*NsMUfBqvUm(KkÆdZtÆiN!U
mfBq#):"M70.M?ÆV.G.Kac gU Kac-MoodyM#rU Weyl−Kac"q'A ÆosMg*#rUxEN 1978 . J.Lepowsky  R.L.Wilsonvw Kac-Moody MU/ Heinsenberg M Fock  #r[Z9uFA osM A(1)
1M#rU Principalm= ([21]) 1981.Æ V.G.KacÆ I.B.Frenkel G.Seagalr$`xuwA=~N4q	U<F[Z9  Simply-laced osMUg+~L#r ([22],[23])i_[Z9#rUMP# JUMMU3iÆwW[Z9MÆ Toroidal sMV ([24])[Z9M0:#rq	U^Xh:)%>MYUg -^XnC 1986 .tY; R.E.Borcherd u:sX[Z9MU|/
([25])  I.B.Frenkel Æ J.lepowsky  Meurmen dA [Z9M|/Æ' 	 Æ 	 Nm{g [Z9MM ([26])  1983.Æ
w[Z9q	N^  Mckay− Thompson.AÆ'dP		(1U Conway − Norton .A1 monstrous moonshine .AA -r
([27])EÆ R.E.Borcherd Æ
U^X*B_ 	 ℄{g [ZMU NaturalM ([28])Æ'~ 1992.vw[ZMn Kac-MoodyM(UMonstersMÆ!:  monstrous moonshine.AUÆ
rE( 1998. FieldsF[Z9MÆ;q	 sM   {>P M3 84q	 g+7 q − seriesVq solitons{8mUuw ([29]-[38])
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 3P9sMUg 9MÆ9 ) V irasoro -likeMÆl$!AzM9#_*P9sM ?U79# f!U
mfBq#):wÆhA9#UP9sM$ gFxU JordanMUP9sM):9M ([39])
ToroidalsMU^X/t#rq	0:9!Toroidal sMtosMf!Ug!if!
mfBq)"MUkosMÆ{ld9) toroidalsMÆU/#r<F#ro~osMÆgw[Z9#rosMU=/2$ gZÆ~Um(Kkt0F*kADE M ToroidalsMU[Z9U<F#ru:z
MoodyÆRao Y okonumaÆ 1990.A ([40])1994.ÆRao MoodyÆ^X
toroidalsMU#rlÆ  SugawarakTQ DerAU9ÆThA  toroidalsMUgJo[Z#r ([41])1998. Y.BilligE Kac-Kazhdan-
Lepowsky-Wilson~oENUgKM ([22])ÆTQg  ToroidalsM[Z9U/#r ([42])1999.ÆS.Berman Y.Billig!AWÆ[ZMA#F ToroidalsMUgo+g Um= ([43]).ÆÆb&A  A1 M Toroidal sM[Z9U/#r ([44]) Bl M Toroidal sMU[Z<F#r ([45]) 2002.Æ
Æ^Xn V irasoro-Toroidal sMU*B_ÆEoMsMiK*#rq	 ([46])Q toroidalsMUENÆ'A  A1 M ToroidalsMUgo+g#r ([47])B.L.CoxA 
mfBq_,)U 2	 2[:UsMUm(KkÆ1 Toroidal sl2(C)MU~,:z4m=Æ:(g,gOUA S V erma  ([48]) Um=Æhg,A  Wakimoto M Um= ([49]) DH(SCsXgoJU[Z9ÆA #F Toroidal MU[Z#rUgÆ'N^ 
Toroidal sMUg+#rUro ([50]-[55])  2003 . H.Y ou  C.Jiang A












02 " 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!# 4!MgU G2 M Toroidal sMU<F[Z#rE Æ Y.Billig VT$
toroidal sMU[Z#ruwQg+7UVn ([57]-[60])
2002. B.AllisonÆS.BermanVA go9)nosM)M,NsMU0F*sM ([61],[62])Æ 	{{>*NsMÆM-p2o Kac-Moody MÆ6#9!#sMÆl$ goK Jordan MMU T its-Kantor-Kocher sM9 TKK {FJMU0F*sMU#rnk0 roUM$`	{FJMUn Kac-Moody MU(KkÆ Weyl P0[Z9#rq	_t%>/^XnC-/*V^Xgo0F*sMn Baby-TKK sMUM0:go[Z#r-UAnkl~- [39] [47]8gPbgF*BnÆvw_U JordanMsX TKKsMÆAn Baby-TKKsM\nf G(T (S)) := (sl2(C)⊗T (S)) ⊕ Inder(T (S)) Æ:( S ⊂ Rυ(υ ≥ 1))Æ T (S) )du~ S U Jordan M/9 G(T (S)) )vw T its-
Kantor-KoechernkU T its-Kantor-KoechersM9 TKKO υ = 2lÆ/9z=Dp S ⊂ R2 AUsM G(T (S)) Um(Kk
Ĝ(T ) := (sl2(C)⊗T )⊕〈T , T 〉) Baby-TKKsM/E G(T )UaP9 di , i = 1, 2k) Ĝ(T )UP9 Ĝ(T ) P9/) {xσdi | σ ∈ S0, i = 1, 2}6
d(σ) = d(m,n) :=
{
xσd2, σ ∈ S0,
0, σ 6∈ S0.
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NU \ Baby-TKK kKw
2.1 _HsS 2.1.1 f G t F_UCh?ÆA G ({ ?Ov
(x, y) 7−→ [x, y] ;8B
(1) [x, x] = 0, ∀x ∈ G,
(2) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0, ∀x, y, z ∈ G,9 G ) F _U jJv \n(UB (2)9) JacobiVq3-(UsM_t!x C _UsMS 2.1.2 [ A = (aij)1≤i,j≤n, aij ∈ Z, ∀i, j ;i8B
(1) aii = 2, ∀i,
(2) aij ≤ 0, i 6= j,
(3) aij = 0OARO aji = 0,
(4) det A > 0, 9 A) Cartan S 2.1.3 A = (aij)n×n ) Cartan[Æf G(A))z {ei, hi, fi | 1 ≤ i ≤ n}i:Ug sMÆi:7)
[hi, hj ] = 0, [hi, ej] = ajiej,
[hi, fj] = −ajifj , [ei, fj] = δijhi,
(adei)
1−ajiej = 0, (adfi)
1−ajifj = 0, (i 6= j) G(A)z[Z
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!# 6S 2.1.4 f S)/Æ9 V) S-rFCh?ÆY V = ⊕α∈SVα Æ:( Vα, α ∈ S ) V U9h? Vα 9) α IpIe` Æ ∀υ ∈ Vα 9) α IpI 
G )<PÆ A)MÆ9 A) G-YI UÆW A?)Ch?t G-rFUÆA Aα · Aβ ⊂ Aα+β S 2.1.5 f H)sMÆ6 Z(H)) HU(KÆY{ (1)dimZ(H) = 1Æ
(2)Z(H) = [H,H]Æ9 H) HeisenbergJv 9H) Z-YIHeisenbergJvÆY (1))HeisenbergMÆ(2)H = ⊕n∈ZHnÆA dimHn <∞ S 2.1.6 W G = [G,G] & G Z9)g  perfectjJv sM
G U hÆtg sM G g  π : G → G ÆzUÆ
G U(K	:U/tg (Kk (G, π)9) G U V hÆ ÆWU G U(Kk (Ĝ, ϕ) _IÆ(gsM ψ : G → Ĝ oT ϕψ = π   perfect sM_{m(KkS 2.1.7 f G )sMÆ ψ : G × G −→ C)g ?OMÆY ψ ;
(1) ψ(x,y) = −ψ(y,x),
(2) ψ([x,y], z) + ψ([y,z], x) + ψ([z,x], y) = 0,9 ψ t G _Ug  2 − cocycle S 2.1.8 fC[t, t−1])x_U LaurentfBqMÆd Z(t) = ∑CktkÆ\n Res Z(t) = C−1 f (·, ·) ){>*NsM G _U"6 ?OM loopM G = G ⊗ C[t, t−1] ;s;
[x ⊗ f1, y ⊗ f2] = [x ,y] ⊗ f1f2, ∀x, y ∈ G, f1, f2 ∈ C[t,t
−1],
C[t, t−1]_UUgP9g_) G UP9Æ\n) D (x⊗ f1) = x⊗Df1 f (·, ·)) G _U+! ?OMÆ\n ?Ov
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!# 7j ψ t 2− cocycleÆzE\n G Ug*(Kk Ĝ Æ<g P9 d,:Æ Ĝ _U?wO~P9 t d
dt
Æ?wÆ(K_) 0ÆgE Ĝ )sM G̃
G̃ = G ⊗ C[t, t−1] ⊕ Cc ⊕ Cd,:_s;)
[ d , x ]= d (x), ∀x ∈ G̃ ; [ d , c ]=[ d , d ] = 0,: Ĝ (\n/9 G̃ ) XoWr Kac-MoodyJv 8ANq2U{\nO&f V ) F _UCh?Æ z, z1, z2 tNq!/w V {z}#r	{Nq ∑
n∈F
vnz





















n,:( v, w ∈ V, a ∈ FÆ V {z}:)g Ch?<Q




n|vn ∈ V,"{{>f vn 6= 0},




n|vn ∈ V,"{{>f vn 6= 0},




n|vn ∈ V },













































|vmn ∈ V },




















|vmn ∈ V }.\ v(z) = ∑
n∈F
vnz


























































) = Y (w, aw)(Dδ)(a
w
z
) + (DzY )(w, z)δ(a
w
z
) (2.1.2):( a ∈ C)Ul5Æ δ(z) = ∑
j∈Z z
j Æ (Dδ)(z) = ∑
j∈Z jz





































= Y (w, aw)δ(a
w
z










































) = Y (w, aw)(Dδ)(a
w
z
) + (DzY )(w, z)δ(a
w
z
) (2.1.2):xi 2.1.3[26] Y [A,B]  A, B _gH%Æ
eAeB = eBeAe[A,B],
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2.2 TKK lLxf υ ≥ 1)UlÆW9/ S): Rυ Up[/ÆA; 0 ∈ S, S =
−S, S + 2S ⊂ S Æ99/ S ⊂ Rυ ) Rυ Ug f Λ = 〈S〉)z/ Si:U Rυ (9PÆ{ S = ⋃Si Æ:( Si ) 2 ΛÆ Λ(U5/A S0 = 2Λt/b Λ(U=D S ⊂ R2 Æ/SÆln8Æ R2 R{(gUpÆrEgJ S = S0 ∪ S1 ∪ S2 Æ:( S0 = 2Zδ1 + 2Zδ2, Si =
S0 + δi, i = 1, 2Æ δ1 = (1, 0), δ2 = (0, 1)Æd σi = aiδ1 + biδ2, i = 1, 2Æ\n R2(*+) σ1 · σ2 := a1a2 + b1b2 Æ6 S⊥ := Z2 \ S = S0 + δ1 + δ2 S 2.2.1 f xσ )du~ σ ∈ S Ug u\n JordanJv T = T (S) = ⊕σ∈SCxσ Æ:;k)




xσ+τ , σ, τ ∈ S0 ∪ Si, 0 ≤ i ≤ 2,
0, :~ JordanM T U:Q Z2-rF T = ⊕σ∈Z2T σ \n TM di : diy = (σ · δi)y, y ∈ T σ Æ:( · )*+Si 2.2.1 6 Der(T )) JordanM T UP9M
Der(T ) = Inder(T ) ⊕Outder(T ),:( Inder(T ) = [LT , LT ], OutderT = span{xσdi|i = 1, 2, σ ∈ S}([45])S 2.2.2 f {x+, x−, α} ) sl2(C)U"6 Chevalley*Æ1
[x+, x−] = α, [α, x±] = ±2x±,Ul JordanM T U*P9)
Inder(T ) = {
∑
i
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